In Krylov's analytical prediction model, the free field vibration response during the passage of a train is written as the superposition of the effect of all sleeper forces, using Lamb's approximate solution for the Green's function of a halfspace. When this formulation is extended with the Green's functions of a layered soil, considerable computational effort is required if these Green's functions are needed in a wide range of source-receiver distances and frequencies. It is demonstrated in this paper how the free field response can alternatively be computed, using the dynamic reciprocity theorem, applied to moving loads. The formulation is based on the response of the soil due to the moving load distribution for a single axle load. The equations are written in the wave-number-frequency domain, accounting for the invariance of the geometry in the direction of the track. The approach allows for a very efficient calculation of the free field vibration response, distinguishing the quasistatic contribution from the effect of the sleeper passage frequency and its higher harmonics. The methodology is validated by means of in situ vibration measurements during the passage of a Thalys high-speed train on the track between Brussels and Paris. It is shown that the model has good predictive capabilities in the near field at low and high frequencies, but underestimates the response in the midfrequency band.
I. INTRODUCTION
Train induced vibrations are an environmental concern, as waves propagate through the soil and interact with nearby buildings, where they may cause malfunctioning of sensitive equipment and discomfort to people, as well as re-radiated noise in properties. The rapid extension of the high speed rail network throughout Europe has initiated a lot of research on analytical and numerical prediction models for train induced vibrations.
These models differ in several aspects, such as the excitation mechanisms included, the soil model used ͑halfspace or layered halfspace͒ and the consideration of dynamic interaction between the track and the subsoil, as well as throughsoil coupling of the sleepers and the ballast. The following excitation mechanisms are distinguished: ͑1͒ quasistatic excitation due to moving axle loads, ͑2͒ wheel and rail roughness, ͑3͒ transient excitation due to rail joints, switches, and wheelflats, and ͑4͒ parametric excitation due to the discrete support of a track by sleepers, resulting in a spatial variation of the stiffness experienced by the axles.
The quasistatic excitation is important in the near field and when the train speed is close to or larger than the critical phase velocity of the coupled track-soil system, a condition that can be met for high speed trains running on very soft soils. This results in high vibration levels and high displacements of the track, affecting track stability and safety. 1 The response of a semi-infinite soil medium due to moving loads has received considerable attention in the literature.
The steady-state response of a layered visco-elastic halfspace, subjected to a moving load with a constant amplitude, has been studied by de Barros and Luco. 2 Grundmann et al. 3 have used the wavelet transform 4 to compute the response of a layered halfspace due to moving loads.
Aubry et al. 5 have considered the dynamic interaction between a beam with a rigid cross section and a layered halfspace under the action of a moving load. A substructure approach is used in the wave-number-frequency domain, exploiting the invariance of the geometry in the longitudinal direction. The formulation has been applied and validated by in situ experiments for the case of road traffic induced vibrations, 6, 7 as well as extended to include the interaction between the moving vehicle and the coupled track-soil system. 8 Sheng et al. have coupled an infinite layered beam model for the track to a layered model of the soil, using Haskell-Thomson transfer matrices, considering the case of fixed 9 and moving 10 harmonic point sources. Kaynia et al. 11 and Madshus and Kaynia 12 have coupled a beam model for the track and the embankment with the dynamic impedance of a layered soil, modeled with dynamic stiffness matrices. 13 The model accounts for quasistatic excitation and aims to study the response of the track and the subsoil at train speeds below and beyond the critical phase velocity of the tracksoil system.
Knothe and Wu 14 have studied the receptance of a railway track and the subgrade, accounting for dynamic soilstructure effects and through-soil coupling of the sleepers. Similar developments have been presented by Van and parametric excitation, also included the roughness excitation.
The present paper will concentrate on an analytical prediction model that has been presented by Krylov. 16 -20 The model only includes quasistatic excitation and aims to predict ground vibrations at train speeds below and above the critical phase velocity of the track-soil system. Other excitation mechanisms as well as dynamic soil-structure effects and through-soil coupling of the sleepers are not accounted for.
The quasistatic force transmitted by a sleeper is derived from the deflection curve of the track, modeled as a beam on an elastic foundation. The free field response is calculated in the frequency domain as the superposition of all sleeper forces; wave propagation through the soil is represented by Lamb's approximate solution for the Green's function of a halfspace, accounting for the contribution of the surface wave only. This formulation can be easily extended to incorporate the Green's functions of a layered halfspace. 21, 22 Depending on the train speed and length, the dynamic soil characteristics, and the frequency range envisaged, a considerable computational effort is needed, however, to compute the Green's functions for a wide range of sourcereceiver distances and frequencies.
The objective of this paper is to demonstrate how the free field response can be computed alternatively, relying on the dynamic reciprocity theorem of Betti-Rayleigh applied to moving loads, resulting in a very efficient computation method. Krylov's calculation method of the load, distributed by the track during the passage of a train, is briefly recapitulated; particular attention goes to the use of a uniform notation that can subsequently be used in both Krylov's formulation as well as the alternative formulation to compute the free field vibrations. The resulting formulation is finally validated by means of experimental results, obtained by in situ measurements during the passage of a Thalys high-speed train ͑HST͒ on the track Brussels-Paris. [21] [22] [23] 
II. LOAD DISTRIBUTION DUE TO A TRAIN PASSAGE
The track is modeled as a beam with bending stiffness EI and mass m per unit length on an elastic foundation with subgrade stiffness k s . It is assumed that the track is directed along the y direction, with the vertical z axis pointing downwards, and the horizontal x axis perpendicular to the (y,z) plane ͑Fig. 1͒. The train has K axles; the load and the initial position of the kth axle are denoted by T k and y k , respec- At time t, it is assumed that each sleeper m, located at yϭmd (d is the sleeper distance͒ or ϭmdϪy k Ϫvt in the moving frame of reference, transfers a fraction of the axle load T k proportional to its instantaneous deflection w(). The distribution of forces g k (,t) can be written as the following summation:
͑3͒
The Dirac function assures that, at time t when the axle load T k is located at y k ϩvt, the distribution of forces in the moving frame of reference is transmitted at the position of the sleepers. N eff st is the effective number of sleepers needed to support the axle load T k , if all sleepers would take up a maximum load corresponding to the maximum quasistatic deflection w max st ϭT k /(8EI␤
͑4͒
where the bracketed term is equal to the Fourier transform of a series of Dirac impulses, separated in time by d/v; it corresponds to a series of harmonics of the sleeper passage frequency f d ϭv/d. The two last terms in Eq. ͑4͒ represent a phase shift.
The distribution of forces f z (x,t) transmitted by all sleepers due to the passage of a train with K axles is now written in the original fixed coordinate system as
The Dirac functions are introduced to express the coordinate that moves with the source in terms of the fixed coordinate y, so that the resulting expression f z (x,t) depends on the fixed coordinates. The introduction of expression ͑3͒ for g k (,t) into Eq. ͑5͒ results in 
͑6͒
This expression is equivalent to the one proposed by Krylov; it is used in Sec. III where Krylov's computation method of the free field vibrations is briefly reviewed. In the subsequent derivation of an alternative formulation to compute the free field vibrations, based on the dynamic reciprocity theorem of Betti-Rayleigh applied to moving sources, expression ͑5͒ will be preferred to Eq. ͑6͒. The Fourier transform of the distribution f z (x,t) is equal to
͑7͒
Denoting the point along the source line where the load is applied with a vector 
͑8͒
The function F () represents the Fourier transform of the force transmitted by a single sleeper due to the passage of single unit axle load:
͑9͒
Equation ͑9͒ demonstrates that F () depends on the characteristics of the track, the subgrade stiffness k s , and the speed v of the train. As 1/(N eff st ␤)ϭd/2, the force transmitted by a sleeper is proportional to the sleeper distance d. The quasistatic value F (ϭ0) is independent of ␤ or k s , while it decreases for increasing v. The frequency content F () increases for increasing k s or ␤ and increasing v. When v is much lower than c min , the beam inertial forces can be neglected and ␦ and tend to 1, resulting in the original expression of Krylov and Ferguson 24 for low train speeds. It can be demonstrated that F () is also equal to
with w (k ) the forward Fourier transformation of w() to the wave number domain k ϭ/v:
The function Ĉ () represents the composition of the train in the frequency domain:
͑12͒

III. THE FREE FIELD RESPONSE: KRYLOV'S FORMULATION
The vertical free field displacement û z (x R ,) in a receiver x R is computed in the frequency domain as the integral along the source line of the product of the component û zz G (x R ,x,) of the Green's tensor û i j G (x R ,x,) and the force distribution f z (x,):
The Green's tensor û i j G (x R ,x,) represents the displacement vector at a point x in the direction e j when a force is applied at x R in the direction e i . Krylov uses Lamb's approximate solution for the Green's functions of a halfspace, which only accounts for the surface wave contribution. 25, 26 The latter is replaced here by the Green's functions of a layered halfspace, which are calculated with a direct stiffness formulation in the wave-number-frequency domain. 13, [27] [28] [29] Equation ͑13͒ can be further elaborated, using expression ͑8͒ for f z (x,):
͑14͒
Accounting for the discrete support of the sleepers, the integral along the source line disappears:
͑15͒
In Eq. ͑15͒, use is made of the reciprocity property
to switch the position of the source and the receiver in the definition of the Green's tensor, so that û zz
As the force is applied in the vertical direction and the soil stratification is assumed to be horizontal, the resulting problem is axisymmetric. The source is located at the surface in x S ϭ0, y S ϭmd, and z S ϭ0, while it is assumed that the receiver is located at x R , y R ϭ0 and z R ͑Fig. 2͒. In a local cylindrical coordinate system with the origin in As the Green's function is the same for sleepers at equal distance behind and ahead of a receiver, Eq. ͑15͒ becomes
When the bracketed term is denoted as û ␦z (x R ,), Eq. ͑16͒ can be written in the following abbreviated form:
which illustrates that the response û z (x R ,) at a receiver x R is governed by three terms. ͑1͒ The first term F () represents the frequency content of the force transmitted by a single sleeper, when a unit axle load moves with a speed v along the track.
͑2͒ The second term Ĉ () is determined by the composition and the speed of the train. The product F ()Ĉ () is the frequency content of the force, transmitted by a single sleeper, when a train moves with a speed v along the track.
͑3͒ The third term û ␦z (x R ,) represents the frequency content of the response at a receiver when each sleeper is consecutively loaded by a Dirac impulse, shifted in time by d/v. It involves a summation on an infinite number of sleepers, containing the Green's function û zz Gaxi (r m ,z R ). This sum can be truncated at a finite number N s of sleepers, as the contribution for large source-receiver distances r m is small due to the radiation and material damping in the soil. Depending on the train speed and length, the dynamic soil characteristics, and the frequency range envisaged, considerable computational effort is needed, however, to compute the Green's functions of a layered medium for a wide range of source-receiver distances and frequencies. It is therefore desirable to find an alternative for the term û ␦z (x R ,), which is the objective of Sec. IV.
IV. THE FREE FIELD RESPONSE: ALTERNATIVE FORMULATION
The dynamic extension of the classical reciprocity theorem of Betti-Rayleigh of elastostatics is used to compute the free field vibrations due to a moving source distribution. 5, 25, 30 The free field vertical displacements u z (x R ,t) are calculated as a convolution integral of the Green's function u zz G (x R ,x,t) and the load distribution f z (x,t) on the track:
Expression ͑5͒ is now preferred for the load distribution f z (x,t), as it explicitly incorporates Dirac functions that define the positions where the forces are applied in the global frame of reference and in function of the time t. The following expression is obtained:
͑19͒
Accounting for the Dirac functions and the symmetry of the Green's function with respect to source and receiver, Eq. ͑19͒ becomes:
When the invariance of the geometry in the y direction is accounted for, Eq. ͑20͒ can be elaborated as
where
T and it is assumed that the load is located in the origin of the coordinate system.
The representation of the vertical displacements in the wave-number-frequency domain is
A frequency shift k y v is applied to the argument of the force distribution ĝ k (,Ϫk y v), where is the frequency at the receiver, while Ϫk y v corresponds to the frequency emitted at the source. The latter is denoted as in the following. The calculation of the Green's function ũ zz G (x RЈ ,k y ,) is explained in Appendix B. The vertical soil displacements in the frequency domain are found as the inverse Fourier transform of Eq. ͑22͒: A change of variables according to k y ϭ(Ϫ )/v moves the frequency shift from the force distribution ĝ k (,Ϫk y v) to the Green's function:
Accounting for the discrete spectrum ͑4͒ of the load distribution ĝ k (, ), Eq. ͑24͒ becomes
Combining the exponential functions yields
The Dirac function enforces the frequency to be equal to m2v/d for each value of m. Reordening of the terms finally gives
The first two bracketed terms correspond to the functions F () and Ĉ () defined in Eqs. ͑10͒ and ͑12͒; Eq. ͑27͒ therefore has the same form as Eq. ͑16͒ and the third bracketed term is the desired alternative for the function û ␦z (x R ,). The difference with Eq. ͑16͒ is that the summation on the response contributions of the stationary sleeper forces is replaced by a summation on the contribution of moving harmonic sources at the integer multiples of the sleeper passage frequency f d ϭv/d. The term mϭ0 corresponds to a quasistatic contribution, while ͉m͉ϭϩ1 corresponds to the sleeper passage frequency. Depending on the sleeper passage frequency, the speed of the train, the dynamic soil characteristics, and the considered frequency range, the summation can be limited to a small number of harmonics, resulting in a considerable computational benefit.
The time history of the response finally follows from the inverse Fourier transformation:
V. NUMERICAL EXAMPLE
In this section, the numerical model is applied to calculate free field vibrations during the passage of a Thalys HST. The results of in situ vibration measurements performed during the homologation tests of the HST track between Brussels and Paris at nine speeds between 223 and 314 km/h is used as a validation tool. 21, 22 Accelerations have been measured on the rail and the sleeper of each track and in the free field at distances from 4 to 72 m. In the following, only data recorded at the commercial operating speed of 300 km/h will be briefly reviewed; the reader is referred to other papers for full details on the in situ measurements.
21-23
A. Load distribution due to a train passage
The HST track between Brussels and Paris is a classical ballast track. Continuously welded UIC60 rails with a mass per unit length of 60 kg/m and a moment of inertia I ϭ0.3038ϫ10 Ϫ4 m 4 are fixed with Pandrol rail fasteners on precast prestressed concrete monoblock sleepers with a mass of 300 kg. Flexible rail pads are placed under the rail. The track is supported by limestone and porphyry ballast and supporting layers with a total thickness of about 1.1 m.
Calculations are made for a track with a bending stiffness EIϭ12.76ϫ10 6 N m 2 ͑both rails͒ and a mass per unit length mϭ620.0 kg/m ͑both rails and the sleepers͒. During the homologation tests, access to the track was limited to the time needed for the installation of the accelerometers on the rails and the sleepers. No forced vibration test on the track could be performed to measure the frequency-dependent dynamic impedance of the track. Subsequent calculations are therefore made for a track with a constant subgrade stiffness k s ϭ250 MPa of average magnitude. 31 Figure 3͑a͒ shows the modulus of F () for a train speed vϭ300 km/h. It must be noted that, in more realistic models, the dynamic impedance of the subgrade is a complex, frequency-dependent function that couples the degrees of freedom at the interface between the track and the subgrade.
15 Figure 4 shows the configuration of the Thalys HST, consisting of two locomotives and eight carriages; the total length of the train is equal to 200.18 m. The locomotives are supported by two bogies and have four axles. The carriages adjacent to the locomotives share one bogie with the neighboring carriage, while the six other carriages share both bogies with neighboring carriages. The total number of bogies equals thirteen and, consequently, the number of axles on the train is twenty six. The carriage length L t , the distance L b between bogies, the axle distance L a , the total axle mass M t , the sprung axle mass M s , and the unsprung axle mass M u of all carriages are summarized in Table I . Figure 3͑b͒ shows the modulus of Ĉ () for a Thalys HST moving at a speed vϭ300 km/h. The quasistatic value Ĉ (ϭ0) is equal to the sum of all axle loads. As the locomotives and the adjacent carriages of the Thalys HST have a different axle composition than the six central carriages, the spectrum is quasidiscrete with peaks at the fundamental bogie passage frequency f b ϭv/L b ϭ4.45 Hz and its higher order harmonics, modulated at the axle passage frequency f a ϭv/L a ϭ27.78 Hz ͓Fig. 3͑b͔͒. It has been observed that the measured vertical acceleration of a sleeper has a similar quasidiscrete spectrum. 23 The spectrum in Fig. 3͑c͒ is obtained as the product of F () and Ĉ () and represents the frequency content of the force transmitted by a single sleeper during the passage of a Thalys HST. The decay of the function F () with frequency governs the frequency content of this transmitted load.
B. The dynamic soil characteristics
Cone penetration tests and triaxial tests on undisturbed samples taken from borehole experiments reveal the presence of a quaterny loam layer ͑0-1.5 m͒ on a transition layer ͑quaterny loam and/or an Ypresian clay, 1.5-4.0 m͒ on a tertiary Ypresian clay layer ͑4.0-12.0 m͒. A mean value of the soil density s ϭ1850 kg/m 3 is derived from classical laboratory tests on undisturbed samples.
A spectral analysis of surface waves ͑SASW͒ has been performed to determine the dynamic soil characteristics of the site and revealed the presence of a top layer with thickness dϭ1.4 m and a shear wave velocity C s ϭ80.0 m/s and a layer (dϭ1.9 m, C s ϭ133.0 m/s͒ on top of a halfspace (C s ϭ226.0 m/s͒, in good agreement with the layering revealed by the borehole experiments. The track is constructed in an excavation with a depth of a few meters, where the soil under the ballast has been stabilized. As the SASW test has been performed on the unexcavated soil away from the track, it may be assumed that the soil under the track is stiffer than the soft shallow layer revealed by the SASW test. In the subsequent calculations, a shear wave velocity C s ϭ100.0 m/s will therefore be used for the top layer. A mean value of 0.3 is assumed for the Poisson's ratio s . Based on a simplified analysis of the transient signals recorded during the SASW test, a hysteretic material damping ratio ␤ s ϭ0.03 has been derived. In practice, material damping ratios are expected to decrease with depth and may be lower than the proposed value for deeper layers.
C. The evaluation of the term û
The evaluation of the term û ␦z (x R ,) in Eq. ͑17͒ has been implemented for a layered subsoil, using both alternatives presented in Eqs. ͑16͒ and ͑27͒.
Alternative 1
In the first alternative, the term û ␦z (x R ,) is evaluated according to the bracketed term in Eq. ͑16͒, necessitating the evaluation of the Green's function û zz Gaxi (r m ,z R ϭ0,) for a large range of source-receiver distances r m and frequencies . The Green's functions are calculated with a direct stiffness formulation for wave propagation in multilayered poroelastic media, 28 using the ͑horizontal͒ stratification and the dynamic soil characteristics as derived from the SASW test. The reader is referred to Appendix A for more details on the computational method. The contribution û ␦z (x R ,) to the response is calculated according to Eq. ͑16͒. Despite the use of a look-up table for the interpolation of the Green's functions, the computation time remains very large if compared with the alternative formulation that will be applied in the following. Figure 6 illustrates the result for a receiver at 8 m from the track. It is obtained by a summation of N s ϭ1000 Green's functions û zz Gaxi (r m ,z R ϭ0,), that are multiplied with a cosine function cos(md/v) with a wavelength v ϭ2v/, sampled at discrete locations md. After an important contribution in the low frequency range, the evaluation of the term cos(md/v) for discrete values of m causes small vibration amplitudes in the frequency range between 20 and 75 Hz. Above 75 Hz, the contribution of the first sleeper passage frequency f d ϭv/dϭ138.89 Hz, smeared over a wider frequency range, can be observed.
Alternative 2
Numerical calculations are more efficient if the term û ␦z (x R ,) is evaluated according to Eq. ͑27͒. This approach also allows for a better understanding of the observations that have been made in relation to Fig. 6 . Figure 7 shows a contour plot of the Green's function ũ zz G (x RЈ ,k y ,) for x R ϭ8 m and z R ϭ0 as a function of the frequency and the dimensionless wave number k y ϭk y C s /, with C s the shear wave velocity of the top layer. This Green's function is obtained after evaluation of Eq. ͑B4͒, as explained in Appendix B. Superimposed on the same plot are the branches of the absolute value of the dimensionless wave number k y ϭ͓(Ϫ )/v͔C s / for ϭm2v/d. According to Eq. ͑27͒, the computation of the term û ␦z (x R ,) requires the evaluation of the function ũ zz G (x RЈ ,k y ,) along these branches; the contour plot in Fig.  7 has only been made for illustrative purposes.
The quasistatic contribution (mϭ0) corresponds to k y ϭC s /v, which is a horizontal line in Fig. 7 . As the speed v of the train is lower than the Rayleigh wave velocity C R of the top layer, k y ϭC s /vуk R ϭC s /C R . k R is the dimensionless wave number corresponding to Rayleigh wave propagation in the top layer and is equal to 1.08 for a Poisson's ratio s ϭ0.3. The quasistatic contribution to the response is due to inhomogeneous P and S waves. It rapidly decreases for increasing frequency, as can be observed in the low frequency range of Fig. 6 . The evaluation of ũ zz G (x RЈ ,k y ,) along the two branches k y ϭ͓(Ϫ2v/d)/v͔C s / that correspond to mϭ1 gives important contributions to the response if k y is smaller than k R . Elaboration of this inequality results in a frequency interval ͓ f min , f max ͔ϭ͓73 Hz, 1389 Hz͔. This explains why the spectrum in Fig. 6 shows a rather sharp cutoff ͑high-pass͒ frequency at f min ϭ73 Hz, above which the contribution of the first sleeper passage frequency starts. Similar remarks can be made for the higher harmonics m. The required number of harmonics depends on the speed of the train, the soil velocities, and the sleeper passage frequency. The total number of function evaluations is much lower than in the first alternative based on Krylov's original formulation, reducing the total computation time by a factor of 12 in the present example.
A critical comment needs to be made on the accuracy of the results, however. Figure 8 summarizes the modulus of the vertical displacement û ␦z (x R ,) as a function of the frequency for increasing values of x R . Figure 8 clearly illustrates that, for increasing x R , the contribution of the sleeper passage frequency and its higher harmonics is attenuated so that the quasistatic contribution dominates the far field response. For all receiver distances, the accuracy of the predictions in the frequency range between the quasistatic range and f min is low, since Krylov's prediction model only includes the effects of quasistatic loading and sleeper passage. Other excitation mechanisms, such as parametric excitation, wheel and rail roughness, rail joints and wheel flats, that are important in the midfrequency band, are not included in the model. It is therefore expected that accurate predictions will only be made in the near field.
D. The free field response
The vertical displacement û z (x R ,) at a receiver due to the passage of a Thalys HST is obtained by evaluation of Eq. Figures 9 and 10 compare the measured and predicted time history and frequency content of the vertical velocity at three receivers during the passage of a Thalys HST at 300 km/h. At 4 m from the track, the passage of the bogies can be observed, while the passage of the individual axles is no longer observable ͓Fig. 9͑a͔͒. A similar remark can be made regarding the predicted velocity ͓Fig. 9͑d͔͒. Whereas the peak particle velocity ͑PPV͒ is well predicted ͓Fig. 9͑d͔͒, the frequency content is too high ͓Fig. 10͑d͔͒, especially beyond f min . Due to the specific train composition, the observed velocity spectrum ͓Fig. 10͑a͔͒ is quasidiscrete, with a maximum at the fundamental bogie passage frequency f b ϭ4.45 Hz. A similar behavior can be observed at low frequencies in the predicted spectrum ͓Fig. 10͑d͔͒, although the contribution at the fundamental bogie passage frequency is underestimated. This may be due to the soil stratification, which introduces a weak cutoff frequency at 10 Hz, as identified before in Fig. 5 . The predicted spectrum has very low amplitudes between 40 and 75 Hz, whereas the frequency content of the response beyond 75 Hz is overestimated. This is caused by the fact that Krylov's prediction model only includes the effect of quasistatic loading and sleeper passage. The model overestimates the sleeper passage effect at high frequencies, as the sleeper forces are transmitted as point forces, an assumption that is challenged when the frequency increases and the wavelengths in the soil have the same order of magnitude as the sleeper dimensions. Furthermore, detailed modeling of the track embankment should provide better results for increasing frequency.
The previous observations become even more pronounced for the measured ͓Figs. 9͑b͒ and 10͑b͔͒ and computed ͓Figs. 9͑e͒ and 10͑e͔͒ response at a larger distance of 16 m from the track. The PPV is underestimated ͓Fig. 9͑e͔͒, while the frequency content is overestimated ͓Fig. 10͑e͔͒, particularly for frequencies beyond f min .
Next, the response in the far field at a distance of 32 m from the track is considered. The time history v z (x R ϭ32,t) ͓Fig. 9͑c͔͒ is shown on the same vertical scale as the results at a distance of 16 m, and has a PPV of about 0.2 mm/s. This is no longer predicted by the numerical model ͓Fig. 9͑f͔͒, which only produces very low noise levels. The velocity spectrum v z (x R ϭ32,) ͓Fig. 10͑c͔͒ is dominated by the bogie passage frequency and its second harmonic. Higher frequencies are attenuated by radiation and material damping in the soil; the effect of sleeper passage, for example, is no longer noticeable at 32 m from the track. The predicted velocity spectrum ͓Fig. 10͑f͔͒ is shown on the same vertical scale and is dominated by the quasistatic response, while higher frequency contributions are no longer present; amplitudes are underestimated, however. E. The influence of the train speed on the peak particle velocity Figure 11͑a͒ finally summarizes the PPV at all points in the free field for five train passages at different speeds. The decrease of PPV with distance due to radiation and material damping in the soil is apparent. Both experimental and numerical ͓Fig. 11͑b͔͒ results demonstrate a rather weak dependence of PPV on train speed. It must be stressed, however, that train speeds are in the range below the critical velocity of the track-soil system ͑the Rayleigh wave velocity of the upper layer is about 95 m/s͒, while an increase of PPV may be expected when the train speed reaches this critical velocity. The PPV is well predicted in the near field ͑up to 16 m͒ and seriously underestimated at larger distances from the track; the underlying phenomena have been explained in Sec. V D.
VI. CONCLUSIONS
An efficient alternative formulation of Krylov's prediction model for train induced vibrations, based on the dynamic reciprocity theorem applied to moving sources, has been proposed. In the expression for the free field response in the frequency domain, which is a product of three terms, the original term with a summation on the sleepers is replaced by a summation on the integer multiples of the sleeper passage frequency, resulting in substantial computational benefit.
The numerical model has been validated by means of experimental data, obtained during homologation tests with the Thalys HST on the track between Brussels and Paris. The model has good predictive capabilities in the near field at low ͑quasistatic͒ and high frequencies ͑sleeper passage frequency and its higher harmonics͒, but underestimates the response in the midfrequency band. The model fails to produce good results in the far field. Apart from incomplete input data ͑such as dynamic track subgrade stiffness, material damping in the soil͒ this is mainly due to the fact that the model only incorporates quasistatic loading, which becomes dominant when the train speed reaches the critical velocity of the coupled track-soil system, a condition that has not been reached during the present measurement campaign. In the range of train speeds considered, further improvement will be obtained if other excitation mechanisms, such as dynamic loading due to rail and wheel roughness, are accounted for, and a better dynamic interaction model between the track and the soil is used. These are the objectives of ongoing research. 
͑A1͒
The solution ũ zz Gaxi (k r ,z R ,) is computed in the radial wavenumber-frequency domain by means of an exact stiffness formulation for a multilayered halfspace. 13, [27] [28] [29] In the absence of material damping, the function ũ zz Gaxi (k r ,z R ,) becomes zero for certain values of k r , which correspond to the surface wave poles of the integrand. The number of poles is almost proportional to the frequency and the total thickness of the layers above the halfspace. Several techniques to remove the poles from the path of integration have been reported in literature. We have added material damping as this method of pole removal corresponds to a physical reality. Moreover, the kernel function J 0 (k r r) introduces rapid oscillations for large values of the horizontal source-receiver distance.
In view of the foregoing remarks, an efficient quadrature scheme is needed for the evaluation of the inverse wave number integrals. According to Xu and Mal 32 an adaptive algorithm with self-adjusting interval, concentrating abscissas around regions of sharp variations in ũ zz Gaxi (k r ,z R ,) and taking full advantage of previously computed values of the integrand, is most useful in order to obtain an accurate evaluation of the wave number integral with a minimum number of function evaluations.
Apsel and Luco 27 have used Lagrange's five-point formula, representing the integrand locally with a quartic polynomial for variable step size. They use a hybrid quadrature scheme, in a sense that, depending on the magnitude of the arguments of the Bessel functions, a non-Filon method or a Filon method is used. We have followed Frazer and Gettrust 33 and used a generalized Filon method which makes use of an asymptotic expansion in a way that does not depend on the accuracy of the expansion.
For the numerical results presented in this paper, the value of the dimensionless quadrature step ⌬k r ϭ⌬k r C s / ϭ0.001 is specified. The choice of the quadrature step is not governed by a requested absolute and/or relative accuracy over the whole integration interval. Instead, ⌬k r is allowed to decrease or increase by a factor of 16, depending on an integration error, estimated as the contribution of the fourthorder term to the integral in the integration interval under consideration. The upper bound restriction on ⌬k r is relaxed for k r Ͼ1.5 beyond which the integrand is known to be monotonic. The total integration interval is truncated at k r max .
A particular value of k r max defines a decreasing spatial resolution for increasing frequency . In this example, the integration is continued up to k r max ϭ3200.0, a value based on experience rather than on a criterium based on requested accuracy.
APPENDIX B: THE 3D GREEN'S FUNCTION IN THE WAVE-NUMBER-FREQUENCY DOMAIN
The Green's function ũ zz G (x R ,k y ,z R ,) in the wavenumber-frequency domain is found as the inverse Fourier transformation of the Green's function ũ zz G (k x ,k y ,z R ,):
